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ABSTRACT 

Characteristic velocity requirements are described 

for two types of orbital maneuver: phasing maneuvers in a 

geosynchronous, circular orbit by means of elliptic phasing 

orbits, and non-coplanar transfer between a 250 nautical mile 

circular orbit and other circular orbits. The plots are 

intended as aids when analyzing or planning near-earth missions, 

such as for satellite repair and maintenance, or for logistics 

and resupply flights. 

N79-71967 

Unclas 
00/13 12749 



BELLCOMM, I N C .  
955 L‘ENFANT PLlZA NORTH, S.W. WASHINGTON, D. C. 20024 - +  

SUBJECT: C h a r a c t e r i s t i c  Veloc i ty  Requirements DATE: Ju ly  1 4  , 1 9 6 3  
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MEMORANDUM FOR F I L E  

I. P H A S I N G  I N  A CIRCULAR ORBIT 

Suppose a space  s t a t i o n  t o  be i n  a c i r c u l a r  e a r t h  
o r b i t .  Suppose a l s o  t h a t  there i s  a s a t e l l i t e  (or any ta rge t  
l o c a t i o n )  i n  t h e  same o r b i t ,  bu t  an angular  d i s t a n c e  $ (O<$O<360) 
ahead of t h e  s t a t i o n ,  a s  shown i n  F igu re  1. I f  t r a n s f e r  t i m e  
i s  n o t  c r i t i c a l  (such a s  f o r  a scheduled resupply  or maintenance 
mis s ion )  a s h u t t l e  v e h i c l e  leav ing  t h e  space s t a t i o n  can  p u t  
i t se l f  i n t o  an e l l i p t i c  phasing o r b i t  by apply ing  a t a n g e n t i a l  
impulse.  The pe r iod  of  t h e  e l l i p s e  is  chosen so t h a t ,  a f t e r  
one r e v o l u t i o n  of t h e  phasing o r b i t ,  t h e  target  i s  a t  t h e  p o i n t  
of tangency of t h e  t w o  o r b i t s .  A t a n g e n t i a l  impulse,  equa l  
t o  t h e  o r i g i n a l  impulse b u t  i n  t h e  o p p o s i t e  d i r e c t i o n ,  completes 
t h e  maneuver. 

Depending on  whether t h e  phasing e l l i p s e  i s  e x t e r i o r  
(F igure  l a )  o r  i n t e r i o r  (Figure l b )  t o  t h e  c i r c u l a r  o r b i t ,  t h e  
t r a n s f e r  t i m e  w i l l  be  longe r  o r  s h o r t e r  than  t h e  pe r iod  of t h e  
c i r c u l a r  o r b i t .  
e l l i p s e s  are g iven  by: 

The p e r i o d s  f o r  t h e  e x t e r i o r  and i n t e r i o r  

Pe = ( 2  - $O/360) Pc 

r e s p e c t i v e l y ,  where $ i s  t h e  phase angle p e r  r e v o l u t i o n  of t h e  
e l l i p t i c a l  o r b i t  and Pc i s  t h e  pe r iod  of t h e  c i r c u l a r  o r b i t .  
r e l a t i o n s h i p s  are p l o t t e d  on F igu re  2 for a geosynchronous o r b i t ,  
i .e . ,  Pc = 24 hours.  
Pc appears  i n  formulas (1) and (2), t h e  same p l o t s  can be app l i ed  
t o  any c i r c u l a r  o r b i t ,  i f  t h e  t i m e  scale i s  a d j u s t e d  accord ingly .  

These 
t- 

Hevertheless, because of t h e  way i n  which 



b 

BELLCOMM, INC.  - *  
- 2 -  

T h e  impulsive veloci t ies  corresponding t o  (1) and ( 2 )  
can b e  de r ived  t o  be* 

and 

AVe = 2vc 2-  ( 2 - $ ' / 3 6 0 )  

r 1 

( 3 )  

where  Vc i s  the v e l o c i t y  of  the c i r c u l a r  o r b i t .  
p l o t t e d  on Figure  3 f o r  a geosynchronous o r b i t ,  f o r  which 
Vc = 1 0 , 0 8 8  f p s .  Again, because of t h e  way i n  which Vc e n t e r s  
formulas .  ( 3 )  and ( 4 ) ,  t h e  same p l o t s  can be used for  phas ing  
i n  any c i r c u l a r  o r b i t ,  provided t h e  v e l o c i t y  scale i s  a d j u s t e d  
as appropr i a t e .  

These are 

has 
of 
s t a  
Fig 

Once t h e  outgoing l e g  of  a phasing maneuver f o r  $ "  
been completed, t h e  r e t u r n  t r i p  is  e q u i v a l e n t  t o  a phasing 

360" - $ "  because t h i s  i.s t h e  ang le  by which t h e  space 
. t i o n  now " l eads"  t h e  t a r g e t  po in t .  This  i s  r e f l e c t e d  i n  
u r e  4 where t o t a l  c h a r a c t e r i s t i c  v e l o c i t i e s  are shown f o r  

complete maneuvers: ca t ch ing  up t o  t h e  ta rge t ,  and then  re- 
t u r n i n g  t o  t h e  space  s t a t i o n .  These v e l o c i t i e s  are minimum 

i n t e r i o r  and e x t e r i o r  e l l i p s e s ,  whichever r e q u i r e s  less v e l o c i t y .  
i n  t h e  Sense t h a t  t h e  comp:ete ----------- i i i a A l G u v G L a  ULG 5 ~ -  pmnhinat innn  -Y1..-------_-__ of 

F i n a l l y ,  t h e  choice f o r  an i n t e r i o r  phasing e l l i p s e  
i s  l i m i t e d  by t h e  r e s u l t i n g  perigee h e i g h t  (see F igure  l b ) ,  
i n  t h e  fo l lowing  s e n s e :  t h e  larger t h e  phase ang le  i s ,  t h e  
more e c c e n t r i c  t h e  e l l i p s e  has t o  be and t h e  lower t h e  p e r i g e e  
h e i g h t  becomes. F igure  5 shows t h i s  r e l a t i o n s h i p .  

A comparison of Figures  2 and 3 shows t h a t  a t r a d e o f f  
can be made between character is t ic  v e l o c i t y  and f l i g h t  t i m e .  
As an example, cons ide r  a s a t e l l i t e  which leads t h e  s t a t i o n  by 
9 0 ° .  The phasing maneuver can be accomplished by a s i n g l e  re- 
v o l u t i o n  on an e l l i p s e .  This would r e q u i r e  2 , 2 6 0  f p s  on  an 
i n t e r i o r  e l l i p s e  and it would l a s t  1 8  hours.  A l t e r n a t i v e l y ,  

*The p r e m u l t i p l i e r  2 appears  i n  t h e s e  formulas  because each 
phas ing  maneuver c o n s i s t s  of t w o  impulses of equa l  magnitude. 
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t h e  phasing could be accomplished w i t h  three r e v o l u t i o n s  of 
an e l l i p s e  which phases 30° p e r  r evo lu t ion .  T h i s  would r e q u i r e  
only 612  f p s  b u t  i t -  would l a s t  66  hours. S i m i l a r  t r a d e o f f s  could 
;Is0 be made f o r  t h e  r f t u r n  t r i p .  

I i .  E L L I P T I C  TRANSFER BETWEEN CIRCULAR ORBITS - 
Trans fe r  between two coplanar  c i r c u l a r  o r b i t s  i s  

accomplished m o s t  economically v i a  an e l l i p t i c a l  o r b i t  whose 
p e r i a p s e  and apoapse a r e  tangent  t o  t h e  l o v e r  and h i g h e r  
c i r c u l a r  o r b i t s ,  r e s p e c t i v e l y .  This  i s  the  well-known Hohmann 
t r a n s f e r  and t h e  maneuver r e q u i r e s  t w o  impulses.  

I f  t h e  t w o  c i r c u l a r  o r b i t s  a r e  i n c l i n e d  t o  each o t h e r ,  
and the a p s i d a l  l i n e  coincides  with t h e  l i n e  of i n t e r s e c t i o n  of 
t h e  $lanes of t h e  t w o  o r b i t s ,  then  the  impulse a t  apoapsis  should 
be out-of-plane so as t o  accomplish t h e  r equ i r ed  p l ane  change 
s imul taneous ly  w i t h  c i r c u l a r i z a t i o n .  F igu re  6 i l l u s t r a t e s  t h e  
case of t r a n s f e r r i n g  f r o m  one c i r c u l a r  o r b i t  t o  ano the r ,  non- 
cop lana r ,  h i g h e r  c i r c u l a r  o r b i t .  The t o t a l  character is t ic  
v e l o c i t y  f o r  t h e  t r a n s f e r  maneuver i s  

AV = V - V1 + V t  - 2V V Cos a P 2 a  ( 5 )  

w h e r e  V1 and V2 are t h e  c i r c u l a r  v e l o c i t i e s  of t h e  lower and 
h i g h e r  o r S i t s ,  r e s p e c t i v e l y ;  V and V are ,  r e s p e c t i v e l y ,  perigee 

and apogee v e l o c i t i e s  of t h e  t r a n s f e r  e l l i p s e ;  and a i s  t h e  
mutual i n c l i n a t i o n  of t h e  two o r b i t a l  p l anes .  

P a 

Contours of cons t an t  AV, corresponding t o  formula (5), 
are shown i n  F igure  7 f o r  t r a n s f e r  between a 250 n a u t i c a l  m i l e  
c i r c u l a r  o r b i t  and o t h e r  c i r c u l a r  o r b i t s .  A s  a s p e c i a l  c a s e ,  
t h e  c h a r a c t e r i s t i c  v e l o c i t i e s  r equ i r ed  f o r  coplanar  (Hohmann) 
t r a n s f e r  t o  and from a 250 n a u t i c a l  m i l e  c i r c u l a r  o r b i t  are 
s lo t ted  i n  F igu re  8. 
pure  p lane  changes i n  c i r c u l a r  o r b i t s  of given a l t i t u d e  are shown 
i n  F igu re  9 .  

The c h a r a c t e r i s t i c  veloci t ies  r e q u i r e d  f o r  

CAVEAT: F igure  7 shows c h a r a c t e r i s t i c  v e l o c i t i e s  
only f o r  t r a n s f e r  t o  and from 250 n a u t i c a l  m i l e  
c i r c u l a r  o rb i t s .  For t r a n s f e r  t o  and from o t h e r  
o r b i t s ,  r e f e r  t o  t h e  Appendix. 
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111. SOME OBSERVATIONS 

Figure 4 shows t h a t  no  phasing maneuver i n  geosynch- 
ronous o r b i t  r e q u i r e s  m 3 r e  than about  4500 f p s  t o  complete, i f  
t r a n s f e r  t i m e  i s  n o t  c r i t i ca l .  A l s o ,  use  of F igu re  2 i n  con- 
j u n c t i o n  w i t h  F igure  3 i n d i c a t e s  t h a t  t h e  t o t a l  f l i g h t  t i m e  
(ca tch ing  up and r e t u r n i n g )  i s  e i t h e r  72  hours  ( f o r  105Oc$~<255O) 
o r  48 hours  ( f o r  0' < 0 2 105' o r  255O < 0 < 3 6 0 " ) .  Of course, 
i f  t r a n s f e r  t i m e  becomes c r i t i ca l ,  such-as f o r  a rescue  o r  emer- 
gency r e p a i r  mission,  t h e  t r a j e c t o r y  s e l e c t e d  f o r  a t  l eas t  t h e  
c a t c h i n g  up maneuver could be anyth ing  from a segment of a 
h i g h l y  e c c e n t r i c  e l l i p s e  t o  a hype rbo l i c  arc. 

I n  the case of e l l i p t i c  t r a n s f e r  between t w o  c i r c u l a r  
o r b i t s ,  the contours  p l o t t e d  on F igure  7 show t h a t  t h e  p lane  
change maneuver i s  t h e  dominant v e l o c i t y  requirement f o r  m o s t  
cases (provided,  of course ,  t h a t  t h e  p lane  change i s  accomplished 
a t  the apogee of t h e  t r a n s f e r  e l l i p s e ,  as shown i n  F igure  6). 
For example, fo r  p lane  changes of around 20'  o r  more, t h e r e  i s  
g e n e r a l l y  very l i t t l e  v a r i a t i o n  i n  t h e  t o t a l  v e l o c i t y  requi re -  
ment as a l t i t u d e  inc reases .  F o r  sma l l  p l ane  changes (a  degree 
o r  t w o ) ,  however, changing a l t i t u d e  becomes the dominant f a c t o r .  

1013-HBB-ulg H. B. Bosch 

Attachments 
Appendix 
F igu res  1-9 
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APPENDIX 

The fundamental formula f o r  t h e  t o t a l  c h a r a c t e r i s t i c  

(see Figure  6 )  i s  
v e l o c i t y  (AV) r equ i r ed  t o  accomplish noncoplanar t r a n s f e r  
between t w o  c i r c u l a r  o r b i t s  

AV = V 2 + va2 - 2v2v, cos a '  
P 

(5) 

are t h e  v e l o c i t i e s  of t h e  lower and h i g h e r  
where and v2 
o rb i t s ,  r e s p e c t i v e l y .  
i n  terms of  r 
respec t ive ly- -as  follows : 

Equivalent  formula t ions  can be w r i t t e n  
and r2- - the  r a d i i  of t h e  l o w e r  and h i g h e r  o r b i t s ,  1 

2rl - 2 / !  cos a' Av =d-' 2r2 - 1 +Ed + 

r1+r2 '1+'2 v1 r1+r2 

or 
(A. 1) 

I 

COS a - 2;,/. 2rl +r ' 
1 2  r +r 1 2  

depending on whether V1 or V is taken as t h e  r e f e r e n c e  
v e l o c i t y .  2 

For a pure p lane  change (rl = r2) both  formulas 
reduce t o  

CL = 2 s i n  2 v1 (A. 3 )  
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PHASE ANGLE PER REVOLUTION (DEGREES) 

FIGURE 5 - PERIGEE HEIGHT OF INTERIOR PHASING ELLIPSE FROMGEOSYNCHR0NOU.S CIRCULAR ORBIT 
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FIGURE 6 - TWO-IMPULSE TRANSFER BETWEEN NONCOPLANAR CIRCULAR ORBITS 
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FIGURE 7- VELOCITY REQUIREMENTS FOR NONCOPLANAR TRANSFER FROM A 250 NAUTICAL MILE 
CIRCULAR EARTH ORBIT TO OTHER CIRCULAR ORBITS 
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FIGURE 8 - VELOCITY REQUIREMENTS FOR TRANSFER FROM A 250 NAUTICAL MILE 
CIRCULAR EARTH ORBIT TO OTHER, COPLANAR, CIRCULAR ORBITS 
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FIGURE 9 - VELOCITY REQUIREMENTS FOR PURE PhANE CHANGE 
IN CIRCULAR EARTH ORBITS 
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